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dopMaabHBIE CTEIIEeHHbIE PAIBI,
pPEeKypPPEeHTHbBIE YPAaBHEHUA U

CYMMHPOBaHUE CTelleHen

OTO BAMUCKU 3AHATUU, KOTOPLIE s TPOBOAWT B 57-u u 179-1 MOCKOB-
CKUX IITKOJIAX U Ha JeTHen mkosie B [[yOHe, a TakXke JeKIUU, TPOIUTAH-
HOUM MHOI Ha MamoM Mex-mare 25 ampens 2009 roma. OT y4acTHUKOB
He IPEeANONIArajJoCh HUKAKAX CIEHUAIbHBIX IO3HAHUN KpoMe yMeHus (1
U3BECTHOrO XKeIaHus) packpeiBaTh ckoOku. llenbio 3amaTun ObLIO 3HA-
KOMCTBO C ucuucjaerueM GOPMATLHBIX CTEINEHHBIX PAJOB, PA3J0KEHUEM
DJIEMEHTAPHBIX (GYHKIUY (BKIIOYAA OMHOM C PAIMOHATBHBIM IIOKA3ATe-
JeM) u OOpalleHreM Pa3HOCTHBLIX ONEPATOPOB HA MPOCTPAHCTBE MHO-
POWIEHOB. BeTpedaomuecs B TEKCTe YIPaKHeHNUs TPU3BAHLI 3AMEHUTH
MPOUCXOJUBIIKE B PEATHHOCTU TUAJOTH MPEMOAABATENA C Ay TUTOPUEN.
Bce onu cymiecTBeHHBI [ MOHUMAHUA U UCIOJAb3YETCA B JATLHEUIIEM.
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81. Anre6paudeckue omnepanuu HaJ PAJaMA U MHOT'OWIEHAMH.

1.1. Crenennsie pAgbl 1 MHOrOWIEHbI. MbI 6y1eM 3aHUMATHCA GECKOHEIHBIMY BHIPAKEHUAMEI
2
f(x) =ap +ar1x + agz” + - -+ (1-1)

rje £ — TepeMeHHad, a a; — 9YUCIA W3 HEKOTOPOTO uuc406020 noas F. B xagectse F MOXHO B3ATH,
HallpyuMep, o€ pauvuOHAJBHBIX YUCET @, NJIN I10JIe ,qu;ICTBI/ITeJII)HbIX gncena R, WJIN I10JI€ KOMILIECKCHBIX
wucen C (ecam BBI ¢ HUM 3HAKOMBI). Beé, 4T0 HaM MOTpeGyeTCsas OT UUCET — HTO BO3MOXKHOCTH IIPO-
M3BOAUTH C HUMU Y€ThIpEe apuPMETUICCKAX NEUCTBUA: CIOKEHUE, BHIYUTAHNE, YMHOXEHUE U [EJICHUE
(HAa HeHyJeBBIE IWCIA), KOTOPHIE OOIAJAIOT TEMU XK€ CBOMCTBAME, ITO W JAEUCTBUA HAJ PAIMOHATD-
HbIMU aucIamu. Beipaxenue (1-1) maseaerca gopmasvubin cmenewnbim padom. Io onpexenenmo,
ABA PANA PABHbL, €CIM PABHBELI BCE MX COOTBETCTBEHHBIE KO2(h(huUImenTh. MHOXECTBO BCeX (hOPMATb-
HBIX CTENEeHHBIX PANOB ¢ KodddunuenTamn u3 9ucioBoro nous F oboznagaercs F[[z]]. Pax, B koTopom
TOMBKO KOHETHOE TUCI0 KOXDDUIMEHTOB ¢; OTIXIHO OT HyJd, HA3BIBAETCA MHO20UAEHOM. MHOXECTBO
BCeX MHOro4uneHOB obo3Hadaerca depes F[z] C F[[z]]. Homep mocaegnero menynresoro xosdduiuenTa
mHOrowrena f € [F[z] HasbiBaeTcsa cmenenpio Toro MEOrOUIeHa 1 obo3navaercsa deg(f).

1.2. Anre6paundeckue omepauun Hajg pagamu. Onepanus, COMOCTABIAIOMAL pagam f1, fo,. .., fn
HOBBIU DA ¢, HA3BIBACTCA (42€0PGUUECKOTE, €CIU KAXK BT KO3M@MUIMEHT PANA ¢ BHITUCAACTCA KOHEY-
HBIM 9HUCIOM apudMETUICCKAX TEUCTBUN HA I KOHETHBIM IUCIOM KO(PPUIUEHTOB PALOB f1, fo, ..., [
Hampuwmep, croxeHnne u yMHOXEHUE PAIOB, MPOUCXOLAIIAE MO OOBIYHBIM MPABUIAM PACKPBITHUA
ck0OOK ¥ mpuBeqeHusI MOA00HBIX CIaraeMbIX, 5TO ajdrebpantdeckue omnepamuu. B camoMm mgerne, eciau

f(z) =ao + a1z + asa® + - --

1-2
bo+b1$+b2$2+"‘, ( )

2
g
I

To pager f(z) +g(z) = so +s12 + 5022+ - um f(z) - g(z) = po + p1x + p2z? + - - wmeror mpu ™
K03(pPpunmeHTh

m
Sm = tm +bn W P = aobm + @bmo1 o+ + Gmo1by + ambo = Y i (1-3)
i=0

KOTOpbIe HAXOMATCA KOHEIHBIM YUCJAOM CJIOXKEHUU W YMHOXEHHU KOHEIHOT'O0 HAOOpa KOd(HPUIMEHTOB
pamos f u g.

HampoTus, mogCTaHOBKA BMECTO & HEHYJEBOI'O YUCJICHHOI'O 3HAYeHUA I = « € [ arre6pamdeckon
omepanuen He ABIAETCA, MOCKOJIBKY «BbramcaeHue sHadenus f(«) mpum o # 0 ana paga f ¢ Gecko-
HEYHBIM MHOXECTBOM HEHYJIEBBIX KO>(P(PUIUEHTOB MOXET IOTPE60BATH GECKOHETHO MHOT'O CJIOXKEHUM
HEHYJEBBIX ducen. Tonbko 3uadenue © = () 3aBeJOMO MOXHO IMOACTABUTE B JIO00U PAI, U PE3YILTATOM
TaKOH MOACTAHOBKM OyaeT CBOOOIHLIN IEH >TOr0 PALA.

A BoT mogcTanoBka B pag f(r) BMecto z apyroro paga g(z) = bix + boz? 4 - 6e3 ceobodnozo
UAEHQ ABIACTCA AAreOparmvIecKOn OepaIie, IOCKOJIbKY B Pe3yIbTaTe TAKOU MOACTAHOBKH IIOLY IATCA

pan

flo@) = ar(brz +bya” + ---)F =

k>0
=ap +ai(biz +bea® + ) +ag(bix + box® + ) +az(biz +box® + - )P 4 =
=ap + (a1b1) - = + (a1by + agb?) - 22 + (a1bs + 2agbiby + a3b3) - z3 + -+,
B KOTOPOM Ha KO3 UIUEHT Tpu '™ OKA3BIBAIOT BIUAHUE TOJIBKO MEPBBIE 11 CAATAEMBIX (BCe MOCIIe-

gytommue genarca Ha ™), IpmaéM B KaXkIOM M3 HUX BKIAJ] B KO(DQUIMEHT mpu 2™ BHOCHT JIHIIH
KOHEYHOE JIUCI0 HAYAIBHBIX IJIEHOB.
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1.3. eneune psapgos. Psang f(z) maswBaeTca oOpamumbim, €CIu CymecTBYeT pan ¢(z), Takou 9To
f(z)-g(xz) = 1. B arom cryuae pag g(z) HassBaeTcs obpamubim K pany f(x) u obosnagaercs 1/ f(x)
wrn [~ (z). Ecma pag f(z) obpaTum, To Ha HEro MOXHO deaums: wactabM h(r)/f(r) masemaerca
pag h(z) - f~(z).
Ynpaxuenue 1.1. Yoemurecs, ato (1 —z)(1 +z + 22 + 2% + 22 + ---) = 1, otxyza
1
1-—=z

=lt+z+a’+a+ - =) ab. (1-4)

Dopmyna (1-4) HaseiBaeTCa HOPMYION CYMMUDPOBAHUS OECKOMEUHOT 2€0MEMPUUECKOT NPOSPECCU.
[TogvepkHéM, 9TO OHA KOHCTATAPYET HEKOTOPOE PABEHCMB0 MeHCIY PAOAMU, OTHIOAL HE MPEAIOIArasl
BO3MOXHOCTHY NOACTABIATH B HEFO BMECTO & KOHKPETHBIE HEeHYJIEBBIE UUCIA — TaKasd MOACTAHOBKA HE
ABIAETCA aarebpamdecKou omepanyer u Tpebyer oTaeabHOro oupegererns. OHAKO B 5TO PABEHCTBO
MOXHO HOJACTABIATH BMECTO & JTIOOBIE PAALL 6e3 CBOGOAHOrO wieHa. Hampumep, monCTaBIAL BMECTO
x ogHOWIeH oz, Mbl moy«unm u3 (1-4) pasnoxenue

1

T o = 14 az™ + 2™ + 2* ™ 4 - = Zakmkm , (1-5)

k>0

YnpaxHenue 1.2. SIpHo BBIMUIIIHITE BCe KodpdumuenTs patos a) 1/(1+z) 6) 1/(1+z™) &) 1/(1+z+22)

1.3.1.IPEAJIOKEHUE. Pag f(z) = ag + a1z + agx®+ - obpaTuM TOrJa M TOJIBKO TOTJa, KOT QA
ag # 0. O6parasnt pag f~(z) B aToM cay4dae ofHO3HATHO onpeseraeTcs 1o [, u obpalienue paga

et

ABJIACTCA aareOpamIecKOH OMePaIueH.

[fokasaTenscteo. Eciu cymecrsyet pax f~H(z) = bp + iz + bex? + - - € K[[z]], Takon aro f(z) - f~(z) =1,
10 agby = 1, orkyga ag # 0. Hao6opor, monycrum, uro ag # 0. [IpupaBauBas KoddPUIUEHTHI IPU O [UHAKO-
BBEIX CTEIEHAX T B IPaBOMl U JeBOH gacTu pasercTsa f(x) - f~1(x) = 1, MbI momyuaeM Ha Kod(umuenTH b;
OECKOHEYHYIO0 CUCTEMY YDABHEHUN

aobo =1
aobl + a160 =0
aogbs + a1b1 + asbg =0 (1 6)

13 KOTOPOU OHW BCE ONHO3HAMHO OMPEIEIATCA 1O PEKYPpeHTHEIM dopumyraMm by = 1/ap m mamee, nas Bcex
k>1, by =—(a1bg_1 +a2bk_2+---+akb0)/a0. O

§2. O6pamiesErne MHOTOYWIEHOB U PEIIeHne PEKyPPEHTHLIX yPABHEHUH.

2.1. Yucaa Pub60oHAYIYIN U, ONpemeaaioTca ycaoBuaMmu uyg = 0, uy = 1 u up = up_1 + up_o TIpu
k > 2, T.e. kaxgoe qucao PubOOHATIN, HAMAHAS CO BTOPOr0, PABHO CyMMe MBYX MIPEILITYIIAX.
Kaxk aBHO BBIpasuTh uy depes k7 [laa oTBeTa Ha BTOT BOMPOC PACCMOTPUM CTEIEHHOU PAL

u(z) = Zukxk = Uy + w1z 4+ uez® 4+ -,
£>0



4 A. Jl. TopoaeHuee. CTeneHHble psiabl, PEKYPPEHTHbLIE COOTHOLUEHUS U CYMMUPOBAHNUE CTENeHen

k02 PUIIEHTAMEI KOTOPOTO ABIA0TCA dncia Pubbouawau. Boimoruerue nis Bcex k > 2 COOTHOIIEHUS
Ul — Ug—1 — Ug—2 = 0 PABHOCUIBLHO TOMY, UTO Y IPOU3BEAEHUA PAJOB

(1 —z — %) - (up + urz + ugx? + uzz® + ugz* + ) (2-1)

o0pam@aTca B HyJb KOI(M@UIMEHTHI IPU BCEX CTEIEHAX Fck>2 A MOCKOMBKY Uy = 0 mw uy = 1,
DTO IpPOU3BEAEHUE PABHO T . Takum o6pas3oM,

x
U,(.’L‘) = Uo +U1$+U2$2 +U3:E3 —i—u4x4 4+ =

_1—$—l‘2’ (2_2)

U OTBICKAHHE ABHON (POPMYILL AaA k-Toro uuciaa Pub66oHATIN PABHOCAILHO PA3BEPTHLIBAHUIO IIPABOK
9aCcT DTOU POPMYJIBI B CTENEHHOU pAfL. /s 5TOro pasaoxuM e€ 3HAMEHATENb Ha, MHOXUTEIN.
YnpaxHenue 2.1. [TycTs KBaapaTHLIN TPEXIeH 2 +p t+q uMeeT KopHE a u b, Tak 910 t2+pt+q = (t—a)(t—b).
Y6enurecn, aro Toraa 1+ pzr + qz? = (1 —az)(1 — bzx) .

Kopuamu Tpéxwrena t2 — ¢ — | ABIAIOTCA U ¢ = (1 + \/5) /[2ub= (1 — \/g) /2, m mo yup. 2.1

T T

l—z—22 (1-ax)(l—bx)"

Ty Apobb MOXHO PA3JOXUTH B CYMMY ABYX APOOEN C IMHEUHBIMU 3HAMEHATEIAMMU:

T o« n I}
(1—az)(1—br) 1—ar 1—bz’

(2-3)

rge @ u 3 — HEKOTOPBIE KOHCTAHTHI, KOTOPBIE MBI CeMvac HauaéMm. B camom geme, paBeHCTBO (2-3)
PABHOCHILHO PABEHCTBY
z=a(l —bz)+ B(1 —ax)

MeX 1y ABYM IMHENHBLIMA MHOTOWIEHAMY, X U1 TOTO, 9TOGBI OHO BBIIOJHSAIOCH TOX IECTBEHHO IO T,

AOCTATOTHO AO6I/IT])C}I €r'0 BBIIIOJTHEHUA 1A Ka.KI/IX-HI/I6yrD;I) OABYX YIUCJICHHBIX 3Ha.‘leHHI>i Z.
[Moacrasuaa x = 1/a, monyuaem o = 1/(a — b), a nogcrasuas x = 1/b, moayuaem = —1/(a —b) .

Takum 06pa3oM, pasas 9acThb (2-2) ABIAETCA PA3HOCTHIO ABYX I€OMETPUIECKUX IIPOrDEeCCHUM:

T 1 1 1 1
(1 —az)(1 — bx) - (a—b).(l—ax_l—bx> :m'z(ak_bk)'xk’

k>0

u uckomas popmyaa mias k-toro uucia PubboHATIN MMeeT BU[

ak — bk 1++5 1-+5

_— == b:
a—p @ A 2 2

up = (2-4)

2.2. PeKyppeHTHOE ypaBHEHUE N-TOr0 MOPAAKA HA MOCIEI0BATEILHOCTD (; — 3TO COOTHOIIEHUE
BUIA
ap = o10—1 + o202+ -+ +apar_pn , (2—5)

B KOTOPOM V1, (2, ...,y — 3aJaHHbIE (PMKCUPOBAHHBIE IUCTA (MPEANONAraeTca, 9To «, # 0) m ko-
TOPOE BBHIMOMHAETCA 1A Beex k > n. CooTHomenue (2-5) BbIpaxkaeT k-THIA WIEH MOCIEJ0BATEILHOCTH
gepe3 MpefbIAYIINe 1 IEHOB XM OJHO3HAYHO 33Ja€T BCIO MOCAELOBATEIBHOCTDH G, KOIb CKOPO W3-
BECTHBI €€ MEePBBIE 7 WIEHOB G(,d1,...,0,—1 . PeIIATL ypaBHeHUE (2-5) ¢ HAYAIBHBIME YCIOBUAMU
40,01, - .. ,0y—1 O3HAYAET HAMKUCATH (DOPMYJIY, ABHO BHIPAKAIIIYIO af depe3 k cpa3y mud Bcex k.

Tak, dopmyaa (2-4) puas aucen Pu6G6OHATIN PENIACT PEKYPPEHTHOE YPABHEHUE BTOPOTO MOPATKA
Uk = Ug—1 + Uk_2 ¢ HavaabHBIMEU ycaoBuamu ug = 0, u; = 1. Cmocob, KOTOPHIM MBI TOLYIUIA DTy
dbopMyny, MOXeT GLITH IMPUMEHEH I PELIeHUs TI000r0 PEeKypPEeHTHOrO ypaBHeHus (2-5) ¢ mpous-
BOJIBHBIMY HAYATBHBIME YCJIOBUAMHA. A MMEHHO, mepenuchiBas (2-5) B Buge

ap — 01 Qp—1] — Q9Qk—9 — **+ — OpGg—p = 0 (2-6)
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U CPABHUBAS DTO COOTHOIIEHWE CO BTOpOoU u3 dhopmya (1-3) HA C¢Tp. 2, MBI BUAUM, ITO BBHINOJIHEHUE
PEKYyPPEHTHOTO COOTHOmERnA (2-6) PABHOCWIBHO TOMY, ITO TIPOU3BEICHNIE

p(z)=(1 -z —awz® — - —apz™) - (ag + a12 + agz® +---) =

=po+piz+-+pygz™ !t (2-7)

ABIAETCA MHO20UAEHOM CTermeHr He Bbime (n — 1) — Bce KoddPUIUEHTHI TPKU CTENEHAX ek >n
3aHyIATCA B cuay cooTHomenus (2-6). Ecau m3BeCTHBI mEpBBIE N WIEHOB G, a1, ..., 0p—1 TTOCIENO-
BATEILHOCTH @, MHOTOWIEH p(x) 6€3 TPy[a BLIUUACAIETCA ABHBIM MEPEMHOXEHUEeM CKOOOK u3 (2-7)
(mpwaéM MOCTATOYHO y9YUTHIBATH JWINL WIEHBI CTEMEHW MeHbImen n). B pesyrbraTe 3amada OTHIC-
KAHUA ABHOU (POPMYJBI A (f MPEBPAIIACTCA B 3aJady SABHOI'O PA3NOKEHHUA B AN PANUOHAILHOU
dyHKOUU

p(z) (2-8)
-z —agz? — -+ — apa”
Y106l TONYYIATEH €ro, PA3JOKUM 3HAMEHATEIb Ha, MHOXUTEIN:

n
1 -z —oor?— - —apa" = H(l —Xiz) = (1= XMz)(1 — Xox) - (1 — A\pz) (2-9)

=1
YnpaxHenue 2.2. [lokaxkure, 470 cooTHOIIeHNE (2-9) PABHOCWIBHO TOMY, YTO YUCAA A1, A2, - - - , Ay, ABIAOTCA

KOPHAMU MHOTOWIEHA

() =t —at" Tt —apt" o —ay, (2-10)

n
(1. e. ygoBaersopsaor pasenctsy X () = [] (t—X\;)). Muorounen (2-10) Ha3BIBASTCA TAPAKMEPUCTNUUECKUM
i=1
MHO2OUAEHOM YDABHEHUS (2-5).
PaccmoTpum BHatMale caydal, KOUAa BCe GUCIA Ai, A2, ..., A, OONAPHO PA3IUYHLI, T.€. KOTJa y Xa-
pPaKTepUCTUIECKOTO MHOTOWIeHa (2-10) mMeeTcs POBHO 7 PA3MUIHBIX KOPHEN.

Byzaem gencrBoBaTh Kak B n° 2.1 — pasaoxkuMm panuoHaabHy GyHKImo (2-8) B cymmy apoben

p(z) B B2 Bn
(1—Xz)(1 = dgz)--- (1 — Apz) 1—>\1$+1—>\2$+ +1—>\n$

, (2-11)

IUCIATENA KOTOPHIX (1, B2, ..., s — HEKOTOpBLIE KOHCTAHTHI, KOTOPBIE MBI cendac moabepém. dop-
Mmyaa (2-11) paBHOCHIBHA CIEAYIONEMY DABEHCTBY HA MHOT'OWIEHBI cTemeHu < (n — 1):

p(z) =S T - na) - 6
i=1 v#£i

(Mb1 ymHOXUIH 06€ dacTen (2-11) HA OOIIMU 3HAMEHATEI), U ITOOBI OHO BBINOIHAIOCH TOX €CTBEHHO
oo xr, 1OCTAaTOIHO rII;O6I/ITI)C}E[ €r'0O BBIIIOJTHEHUS PN Ka,KI/IX—HI/I6yrZU) N Pa3IUIHBIX 3HAYCHUAX T .

[Mogcrasnas suavenus ¢ = 1/X\, 1/Xo, ..., 1/\,, Bugum, aro (2-11) umeer mecTo npu
B = A (1 x) _ P 4o (2-12)
I IT (A =) ’
[z [z

rae p(z) = po+prz+- - -+pu_12" ! — MEOrOwIeH (2-7). Temepb 0CTASTCA TOILKO PABIOKATD KK TYIO

FeOMEeTPUIECKYIO IPOrPeCcCrio B mpaBon dactu (2-11) mo dpopmyme

l_ﬁﬁ:'Bi.Zqu"k:/Bi+/3i)\i$+,3i)\?$2+/3i)\?x3+
’ k>0

7 CJIOXUTH IIONYYICHHBIE DA3JOXKCHUA:

plz) =3 (B pXs + o BarE) -t

-z —agz? — -+ — apa”
1 2 n k>0
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Wraxk, ecim Bce n KOPHEH A1, Az, ..., A, XapaKTEPUCTUIECKOT'O YPABHEHAA
"ot —ant™?— s —a, =0
PA3JWYHBI, PEIIEHNEM PEKYPPEHTHOrO YPABHEHUA G = (Gk_1 + Qg2 + -+ + Qpap_p, ABIACTCA

CyMMa, TeOMeTPUYeCKUX TIPOTPeccuit
_ ok k k
ag = P1A] + BoAg + -0 4 By, (2-13)

B3ATHIX C KO>duuumerntamu (1, fo,. . ., By, KOTOPBIE HAXOAATCA 1O dopmyaam (2-12).

Ynpaxuenue 2.3. Hangure dhopmyny mias k-TOro 4ieHa NOCTEIOBATEILHOCTH Gf 3AJAHHOU PEKYDPPEHTHBIMU
YPABHEHUAMU
a)ap =3ap_1 —2ap_2,a0=0,0a; =1;
6)ar =6ar—1 — 1lag—o+6akr_3,a =0,a, =1, ay =2.

B o6mem caydae, korjga y XapaKTepUCTHIECKOTO MHOTOWIEHA €CTh KPAaTHBIE KOPHH, T. €.

r

1 -z —agz? — - —apz” = H(l —Xiz)"™ = (1= X)) (1 — Xo)™ -+ (1 — Np)™
=1
(rme Bce A1, A9, ..., A\, pasmuaHBr U My + Mo + -+ - + M, = n), panmonaTbHAA QyHKIMA (2-8) ABIAETCA
cymMMou 6oJiee CIOXHBIX APOOEen:
pla) I C N 0 N AT
(1 —Xz)™ (1 — Xozm)™2 - (1 — Np)™ (1= Xpz)™ (1 — Agzx)™2 (1—Xpx)mr’

YUCAATEIN KOTOPBIX BZ (Q:) ABJIAIOTCA MHOTI'OJICHAMHX CTECIICHU MCHBIIIC 177;. ,D;JIH X OTBICKQHUA, & TaAKXe
VIS PA3NOXeHusa B cTeneHHOu pajx apobeu B(z)/(1 — Ax)™ Tpebyercsa moHaTHe npoussodnoi.

83. ludppepeHninaibHOE UCUUCICHUE PAJOB.

3.1.IIponssoauan. [logcTaBum B CTEINEHHOU PAL
f(x) =ag+ a1z + asz® + - - -
BMECTO & CyMMy T + t, rie t — emé ogua nepeMenHas. [loxywum pajg oT AByX mepeMeHHBIX
flx+t)=ag+ai(z+1t)+as(z+)%+- .
Packpoem B HEM BCe CKOOKM M CTPYNIUPYEM CAATAEMBIE MO CTEMEHAM IIePEMEHHON T

flx+1t)=1ay +
a1 + aj - t+
as’+ 2a91 - t+  ag - 2+

3-1
ast>+3a3z? - t+3asx - 2+ as -2+ (3-1)

= f(2)+ fi(z) - t+fo(@) - P+ fa(z) 2+ -,

rae 1epes fp,(r) 0603HAMEH pAN, BO3HUKAIOMMU B KadecTBe Kodddummenta npu t™. Pax fi(zx), cay-
KAMAN KODPUIUAEHTOM TIPU EPBOU CTEMEHU f, HABBIBACTCA NPOou3600H0t OT UCXOMTHOTO pAma f u
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obosraxaerca f'(x). UTax, Ipou3BogHAS — BTO TEPBBIN, TUHEHHBIN 10 , KOA(hD(MUATIEHT TPUPAITICHU
f(z+1t) — f(z), pasmoxeHHOrO MO CTEMEHAM ¢ :

fx+1t) = f(z)+ f/(z) - t + (wensr, gersmmecs ma 7). (3-2)

3.1.1.IIPEIJIOZKEHUE. IIpomsBogwas or paza f(z) = ag + ayx + asz® + - - paBHa

fl(z) = Z kape* ' = a; + 2000 + 3azz? + - - (3-3)
k>1

(B WacTHOCTH, IPOU3BOAHAA OT KOHCTAHTHI DABHA HYJIIO, & MPOU3BOJHAA OT MHOTOWICHA ABIACTCA
MHOTOYJIEHOM HA €AUHUILY MEHBIIEH CTEHIECHN).

[okasaTenscteo. Coruacuo (3-2), pan f'(z) — sTo cBobouem wiek paga (f(z+t) — f(z))/t, paccmarpusaemoro
KaK PAT OT MEPEMEHHOU ¢, KO3(MPUIMEHTE KOTOPOTO ABIAITCA PATAMEA OT Z. II0A9EePKHEM, ITO OTHOIIEHUE
(f(x+1t)— f(x))/t penicTBuTENBHO ABAsIETCA padosm TIO ¢, TOCKOABKY f(x +1t) — f(z) deaumces Ha t. DTO crexyer
u3 GOPMYJIBL A PA3HOCTHU CTEIEHEN:

ak — bk

= e N (AR N L
P

k craraembIx

Monaras B went a = (z + t), b = z, moaygaem

(z +t)k — 2k

- =@+t @+ e+ () B+ 2 (3-4)
k caaraeMbIx
OTKYyIa
t) — t) —t )2 —t2 )3 — 13
fett)-fl@) _ -t et - o
t t t t
=> ar- (@+ )"+ @+ e+ @+ ) P+ o+ FT)
k>1

CBOGOAHBIN WIEH DTOrO PsALa, PACCMATPUBAEMOrO KAK PAL OT ¢, momydaercs noacTanoBkou B Hero t = 0. O
aTOro Kaxkaasa cymma (3-4) mpespamaerca B kz¥~!, u mpr morysaem dopuyry (3-3). |

3.1.2. IPEMAJIOKEHUE. /g aro6oro amcra « € F u mobeix pagos f,g € F[[z]] cupasegimsor
PABEHCTBA

(af) =a-f', (f+9)'=f+d, (f9)=Ff 9+f-d. (3-5)
Kpowme Toro, ecim pag g He mmeeT cBOOGOJHOTO 9I€HA, TO
(flg(x)) =d'(z)- f'(g9(z)) , (3-6)

a ecmn pag f o6parmm, To (1/f) = —f'/f2.
[oxasaTenscteo. Ilepsrie mBa paseHcTBa B (3-5) BhTekaroT mpamo uz dgopmyas (3-3). [laa 10xa3aTerbCTBa
TPeTHEro PaBeHcTBa B (3-5) (ero OOBIMHO HABLIBAIOT NPasusom JIelidruya) mepeMHOKAM DAL

flz+1t) = f(z) +t- f(x) + (wrenwr, geramuecs Ha t°)
gz +1t) =g(x) +1t- g (x) + (wienwr, nerammecs Ha t?) .
C TOYHOCTBIO JO MOHOMOB, IEMAIAXCA Ha t2
@+ t)g(e +1) = f@)g(@) +t- (f(@)g(2) + f(2)g (x)) + (wremst, zewmmrecs ma £2)
orxyaa (fg)' = f"-g+f-g"
IpaBuio nuddepeHnnpoBaHus KOMIO3UIMA PAIOB (3-6) moxaswsiBaeTCA MOXOKUM 06pasom. IloncraBum B

f(z) BmecTo x pan g(z +t):

flglx+1) = f(g9(z) + t- g (z) + (anenst, geramuecs na t*)) .
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O6osnauas psajg, KoTopsl npubasiasercs K g(z) B aprymenTe f, depes
e(z,t) =t - g'(x) + (wrenw, nersumecs va %)
MOy IaeM
flg(z +1)) = f(g(x) +e(z,t) =

= f(g(x)) +e(z,t) - f'(9(x)) + (wiensl, gersumecs ua (x,t)?) =
= f(g(z)) +t-g'(x)- f(g(x)) + (wrensr, gerammecs Ha t?)

orkyna (f(g(z)) = ¢'(z) - f'(g9(x)).

[1a TOKa3aTeILCTBA HOCTeTHEH (GOPMYIEI BO3BLMEM MPOU3BOIHEE OT 06EUX JacTel paBeHCTRa f - f ! = 1.

Hoxyuum f/- f~1 + f - (ffl)l =0, oTkyaa (f’l)/ =—f/f?. O
YnpaxHenue 3.1. Haitgure npomssoauyto ot paga 1/(1 — z)? n samummre asayio hopMyry s k-Toro wieHa
[IOC/IE0BATEILHOCTH (), 38 aHHON PEKYPPEHTHLIM COOTHOLIEHUEM: ag = 1, a; = —1 u ap = 2ap_1 — Gp_2

npu k > 2.

3.2.IlepBooGpasubiu pag. Iz bopMyst ais npoussoaHou (3-3) BEITEKAET, 9TO AAA J060T0 PAAA
f(x) =ag + a1z + asz® + - --

CYyWIECTBYET eUHCTBEHHBIN paAL 6e3 CBOOOAHOIO WIeHa, MPOUW3BOAHAA OT KoToporo pasHa f(z). On
Ha3BIBACTCA NEPB00OPA3HbIM PAJOM WA UHMe2Pasom oT f m 0603HAIAETC

def a a Af—
/f(m)dx = a0x+31x2+?2$3+ :ZTlxk (3-7)
k>1

3.3. JIorapudm. [lepBooOpasHBI P OT 3HAKOIEPEMEHHOU E€OMETPUIECKON MPOrPeCcCu Ha3bIBa-
eTca Aozapudmom 1 0603HATACTCA

d
In(1 + z) et /lfm:/(l—m+x2—x3+ ) dr =

2 :ES T
:$_7+?_

R IS

|8
ot

Bmecro 1+ z B morapudm MOXHO MOLCTABATH 000U PAL 4 (L) ¢ eMUHAIHBIM CBOOOJHBIM WIEHOM —
pan In(u(z)) momyvaerca mogcTaHOBKOU B mpaByio 9acTh (3-8) BMecTo 2 paga u(x)— 1 6e3 cBOGOLHOTO
“WIeHA, ITO ABIAETCA, KaK MbI Bugend B (n° 1.2), aareGpanteckon oneparuen.
YnpaxHenue 3.2. BoiBegure u3 ¢popmy.ast (3-6) A1 IPOU3BOIHOU CIOKHOU (DYHKIUM, 9TO IJs JIOOOTO pAAa
U € eIMHUIHBIM CBOGOAHEIM wieHoM (In u)’ = w//u (mpaBas 9acTh >TOrO PABEHCTBA HABBLIBACTCA 402aPUD-
MUBECKOT NPOU3600HOTE OT PALA U).
O603HAIUM MHOXECTBO BCEX PAAOB 0e3 cBoGogmoro wiena depes 4 C F[[z]], a mHOXecTBO BCex
PSAOB C eJUHUYHBIM CBOGOAHBIM wneHOM — depe3 % C F[[z]]. MuoxecTBO .4 cofepXuUT HylIeBOU
pag f(z) = 0 u 3aMKHYTO OTHOCUTEILHO ONEPAIMI CIOKEHWUS ¥ BHITATAHUA PALOB, & MHOXKECTBO %/
comepkuT enwHUIHBIN pan f(z) = 1 u 3aMKHYTO OTHOCHTENBHO ONMEPAIUN yMHOXKEHUA W [EICHUA
pAIOB (BCe PABL C €AMHUIHBIM CBOOOIHBIM WIEHOM OOPATUMBI U HA, HAX MOXHO JIEIATH).
Omnepanusa aozapugmuposanus, nepesogaman pag u(z) € % B pan In(u(z)) € A, aBraerca anre-
OpamIecKou 1 3a0a€T 0TOOPaKEeHHe

u—Inwu

log : % N (3-9)

Mzl cobupaeMcsa MOKa3aTh, ITO 5TO OTOOpaXKEH!ME B3aMMHO OJHO3HAYHO W MEPEBOAUT YMHOXEHIE
PA40B B % B ciaoxeHue pagos B 4 u HaobopoT. [ig 3Toro HaM moHaqo0ouTca oTobpaxenue, o6paTHOE
K J0rapudMUPOBAHUIIO.
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3.4. OkcmoueuTa. Pax

k 1)2 3 £E4 1)5

r def x x
lef 20 _ rrorr T 3-10
¢ ];k! trt oty T Tt (3-10)

Ha3BIBACTCA 9KCNOHEHMOt. DTOT PAL 3aMedaTeleH TeM, ITO OH COBIALAeT CO CBOEH IIPOM3BOITHOM.
YnpaxHenue 3.3. Yoequrecs B ToM, 4o f(z) = €¥ — dT0 eduncmeenublii psag co CBOOOIHBIM ICHOM €IUHUIA,
yaosaeTBopsomun guddeperuuansaomy ypasueruo f'(z) = f(z).
Moxacrasuaa B (3-10) BMecTo = mobou pan 7(z) 6e3 cBOGOAHOIO WIEHA, MBI HOIYIAEM DA/ e™@) co

CBOGOMHBIM WIEHOM |, KOTOPBIN HA3BIBAETCA dkcnonenmot pana 7(x). Takum 06pa3zoM, BOSHUKAET

SKCIIOHEHITNAJBbHOE OTO6pa}KeHI/Ie
T—eT

exp : AN

> . (3-11)

3.4.1. TEOPEMA. DkcnoHeHIuajIbHOE U Jorapugmmieckoe orobpaxenna (3-11) u (3-9) o6parHb!

APYT APYTY M MEPEBOJAT CJIOXKEHUE PAAOB C HYJEBBIM CBOOOJHBIM HYIEHOM B YMHOXEHHE DALOB C
eAUHAIHBEIM CBOOOTHBIM WICHOM, T. €. AJIA JI0OBIX PALOB U, U1, Us € U U T,T1,Ty € N BLIDOJIHAIOTCA
roxgectsa: Ine” =71, e =wu, In(ujup) =In(ur)+In(up), €T =¢Tem.
[lokasaTenscTBO. 3AMETUM, ITO AJIs MIOOBIX ABYX PALOB f U g C OAMHAKOBBIMYU CBOOOMIHBIMU WIEHAMU DABEHCTBA
f=gmn f' = ¢ paBHOCUILHLI, TOXTOMY NI COBNAJCHUA TAKAX PATOB JOCTATOYHO MPOBEPUTH COBIAICHUE WX
IPOM3BOAHEBIX, 9TO MBI U OyaeM geaarb. Paasr In(e®) u x 06a UMET HyJIeBOU CBOOOAHBLIN “LIEH U OJUHAKOBLIE
MIPOU3BO THLIE:

er er

Mostomy In(e*) = z . [loacrasaasn B 5T0 paBEHCTBO BMECTO & JI000U psg 7(x) 6e3 cBOOOIHOrO WIeHA, 0Ly IaeM
Ine" =7 VreNs .

Hanee, mis a00BIX PALOB U1, U2 € % pagsl In(ujus) u lnug + Inus 06a umeT HyIeBOU CBOOGOIHBIA “WIEH U
OJMHAKOBBIE IIPOM3BOJHLIE:
(wiu2)"  wius +wiubh  ul o ub

1 / = = = — = l ! 1 ! = l 1 ! .
(In(uius)) s s ” + ” (Inuy) + (Inwus) = (Inwuy + Inus)

log
Mostomy In(ujus) = Inug + Inus. Takum obpasom, gsorapudmupoBanue % — A HEPEBOAUT yMHOXKEHVE
PALOB B %/ B CIOXKEHUE PALOB A U ABIACTCA OTOOPAKEHUEM «Hay: JIOOOU AL T € A ABIgeTCa J0rapudMoM
ot paga e” € % . OcTaéTcsa MoKa3aTh, YTO PA3HBIE PSILI

w1 () =ap + a1z +ax® + - u us(x) = by + by + box? + -
u3 % wmeroT pasble morapudMmer. Ecmu In(uq) = In(us), To npomssognas In(uy)’ = uj/uy paBHA mpousson-
Hol In(uz)’ = uh/us, T.e. ui(x) - uz(z) = ub(z) - ur(z). CpaBHEBAA B HTOM paBeHCTBE KOXDMUIMEHTH IPU

OOUMHAKOBBIX CTEIICHAX T IIOJNyYaeM COOTHOIICHUA

ay -1 :].bl
2a 4+ a1by = a1b1 + 2by

k—1 k—1
k-ap + E m - Qmbr_m—1 = (k—m)-am_1bg_m + k- by
m=1 m=1
13 KOTOPHIX IOCTEeI0BATENBHO BHITEKAET, UTO af = b 41s Beex k, T.e. uy (z) = ua(z) . O

YnpaxHenue 3.4. [lokaxure, uro Yue% In(l/u) = —u.
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84. bunom HpioToHa.

4.1. CTeneusb ¢ NIpOU3BOJbHBIM HokaszaTeneM. [lns moboro yucia « € F onmpenennm 6unomuaab-
woiti pad ¢ moKaszaTeneM « (popMyIon

def
(1 + H?)a & ea 1n(1+:1:).
[oacTapaas BMecTO 1+ & TpOM3BOIBHEIE PAABI 1 (T) ¢ eIUHITHLIM CBOOOJHEIM ICHOM ' MBI HOTYHaeM

HA MHOXECTBE PSAOB C e[UHUIHBIM CBOOOTHBIM WIEHOM aIrebpantiecKyio OMEePALNIO 86036EC0eHUs 6 (i-
My cmenemd

U—ut=e Inw

w U

onpenenreHuyo M aroboro dncaa o« € F. OTa onepanma 061anaeT BCeMrI MHTYUTUBHO OXKUIAEMBIMEI
OT BO3BEJEHUS B CTEMEHb CBOMCTBAME: IS MIOOBIX PANOB u,v € %/ u uucen «, 3 € F BumonaawoTca
PaBEHCTBA,

- uf =t (W) =u ) () = u” . (4-1)

Ynpaxtenue 4.1. BeiBequTe 5T CBOMCTBA U3 yCTAHOBIEHHHIX B TeopeMme (n°3.4.1) cBONCTB BKCIOHEHTHI U
JorapudmMa.

4.2. BuromuanbHbie KO3 PUIUEeHTHI. YTO6B OTHICKATE ABHBIE 3HAYEHUA KOI(PPUIMEHTOB OGUHO-
Ma
2
(14+2)*=a¢+ a1z + asx” + -+,

BBIMUCAUM €r0 JOrapudMAIeCcKyo Tpou3BOAHYyIO (M. yop. 3.2):

((1+2)%)
(14 )

o o in xT ! a
= (In(1 + 2)*) = (1ne In(1+ >) = (@In(1 +2)) = 5.

[IpuBos eByI0 M IPaBYIO YaCTh K OOIIEMY 3HAMEHATEII0, MOIYIaeM COOTHOIICHUE

(ag—)—a1x+a2$2—)—---),-(1+x):a-(a0+a1x—l—a2x2—l—---).

k=1 B npaBoll ¥ I€BOM YACTH HTOCO PABEHCTBA HAET COOTHOLICHUA

CpaBuenue koapPUIUEHTOB IPHA T
kag + (k — V)ag—1 = aag_1,

73 KOTOPBIX MOCIEJOBATEIBHO TOLYIaeM UCKOMYIO (GopMyry (HAmOMHEUM, 9TO o = 1):

a—(k-1) ~ _(a=(k-D)(a—(k-2)
k ot E(k—1)

ap = CQp—2 =

(= (k=D)(a=(k=2)---(a=Da
k! '

Crosmas B mpaBou 9acTu ApOObL UMEET B YUCIUTENE U B 3HAMEHATENE MO Kk MHOXUTEIEH, MPEeacTa-
BIAIOMUX COOOK UMCIA, MOCIEAOBATEILHO YMEHBIIAIONMECA Ha eIUHUILY: B 3HAMEHaTere — OoT k 10
1, B uncamrene — ot « 10 (@ — k + 1). OTa Apobb HA3BIBAETCA OUHOMUAALHYIM KOIPPuyuenmom n

0003HaIaeTCA
(a) def ala—1)--(a—k+1) (4.9)

k k!

Hamu gokazama

'qr0, KaK U BhINE, B CIywae JOrapudpMEPOBAHNA, O3HAMAET IIOJCTAHOBKY BMecTO  paga u(z) — 1 6e3 cBOGOIHOrO
qIeHA, ITO ABIACTCA aIreOpamdecKon olepamuren
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4.2.1. TEOPEMA (®OPMVYJIA HBIOTOHA). /[lra ato6oro gucia o € F mmeerca pasroxeHue

-1 —1(a—2
(1+$)QZZ(Z)xk:1+a3§+7a(a2 )x2+a(a é(a )$3+---
k>0

0

4.3. BuroMm ¢ HaTypajlbHBIM mokasaTenaeM. [Ipu mHaTypanrbHOM 3HAYEHUHU TOKa3aTend @ = n € N
MMEEeTCS JUIIb KOHETHOE UMCJI0 HEHYJIEBBIX OMHOMUAIBHBIX KO(PPUIMEHTOB, TOCKOILKY npu k > N B
qucaurene (4-2) o6pasyeTcsa HyJeBOU COMHOXUTENb. [103TOMy pasioxeHue GMHOMA C HATYDAIbHBIM
mokasaTeJeM KOHEeTHO:

-1 n
(1+$)n=1+nx+%x2+ —1—3:”:Z<Z>$k
k=0

a caMy OMHOMUAJILHBIE KOSqI)(i)I/IIII/IeHTI)I B 9TOM Ciay4Yae CUMMETPUIHBI OTHOCUTEJIBHO 3aMEHBI k ma

n — k:

n\  nn—1)---(n—k+1) nl _ onl mm—1)- (k1) _ [ n
<k> <n—k>

k! El-(n—k)! (n—k)! -k (n—k)!

YnpaxHeHue 4.2. ITokaxkuTe, 4TO HTO 9UCIO PABHO KOJUIECTBY N-OyKBEHHBIX CJIOB, KOTOPHIE MOXHO HAIUCATD
k 6yksamu a u (n — k) OykBamu 6 (B 9aCTHOCTH, OHO ABJIAETCA 4€AblM, ITO HE BIOIHE OYEBUIHO).

4.4. BUHOMBI C OTPULATEABHBIMY U PAMOHAIBLHLIMY MoKasaTeaaMmu. [lpu a ¢ N Gunomuais-
HBIA PAJ UMeeT 6ECKOHETHO MHOT'O HEHYIEBLIX K03hGUImenToB. Hampumep, 1 1eJou OTpUIaTeIbHON

creneHn o = —m , m € N, MBI TOJXyvIaeM Pa3ioXeHne
1 mm+1) o mim+1)(m+2) 4 p(m+k k
Ao mz+ 5 x 6 z” + E (-1) f ¥,

k>0

KOTOPOE TIO3BOJAET PENIaTh PEKYPPEHTHBIE YPABHEHUN ¢ KPATHBIMU KOPHAMHI XAPAKTEPUCTUIECKOTO
MHOTOWIEHA, 00CYX JABIIUEC B KOHITE §2 .

[Tpum HemenbIX pAMOHATBLHBIX MOKa3aTenax ¢popmyaa HeioToHA TaéT psam, KOTOPHIA TP aarebpa-
MYECKUX BBIYMCICHUAX BeAET cebs Kak pagmkan. Hampumep, npu o = 1/n, n € N, mbl noxygaem
pasjoxeHue

1(1_ 1(1_ 1_

2 6
r n—1 z2 n—12n—-1) 23 n—1)2n-1)Bn-1) 2!
o onml @ (m-DEe-1) & -DEn-hEn-1) ot
n 2 n? 2-3 n3 2.-3-4 n4
k

[Ipu n = 2 B xavecTBe Kod(ppunMeHTa IpU ° MBI TOJIyIaeM IpoOb BUIA

(—1)’“1 . 1-3.5.... (Qk _ 3) _ (_1)k—1 . (2k)! (_1)k_1 (2k>

2.4-6---(2k)  2k—1 (2:4:6----(2k)2 (2k—1)-4F \ &

Takum o6paszom,

N I (&3)

2% — 1 k) 4k
k>0

4.5. YUncaa Karanana. Bocmombsyemces pasmoxenuem (4-3) misa moiy<deHus SBHOM (GOPMYJIBI ML
OJTHOU YaCTO BO3HUKAWIIEN B KOMOMHATOPHBLIX 334a49aX MOCAEIOBATEALHOCTH Jucea. [lycTs npu BbI-
qucaeHnn cyMMBI (n + 1) craraeMbIx

ap+ay+azx+ - +ap (Bcero m mmoCoB) (4-4)



12 A. Jl. TopoaeHuee. CTeneHHble psiabl, PEKYPPEHTHbLIE COOTHOLUEHUS U CYMMUPOBAHNUE CTENeHen

B KaX /b MOMEHT BPEMEHU PAa3PeIIaeTcsa AeIaTh He 6omee 0THOrO caoxenus. Takoe BEIMUCICHNE Pas3-
O6uBaeTCA Ha N IOCTEeJOBATENbHBIX IIAT0B, HA KaX AOM KOTOPBIX BBHIIOIHAETCA HEKOTOPOe KOHKPETHOE
CIOXEeHUe, B pe3yJbTaTe Uero Bce 3HAKU «+» OKaXYTCA 3aHyMEPOBAHHBIMU B TOM IOpALKEe, B KO-
TOPOM OHU BBIMOTHAITCA. KOIMYIECTBO BCEX BO3HUKAMIOIIUX TAKUM CIOCOOOM HYMEpaIuu 1 ILTIOCOB
Ha3BIBAETCA N-bIM uucaom Kamaaana c,. OTMETHM, 9TO pacCMATPUBAEMbBIE HyMepaIlUu OTHIOAbL HE
IIPOM3BOJIbHBI.

YnpaxHenue 4.3. IIpocteim nepebopom ydbeaurech, 9to ¢; = 1, co = 2, ¢3 = 5, ¢4 = 14 (1. e. ¢, # n!)

KonugecTBo ¢noco60B BEMUCIATE CyMMy (4-4), IpM KOTOPBIX MOCTETHUM BBIMOTHACTCA 4-THIU CJIe-
Ba ILTIOC, PABHO C;—1Cp—i—1, TA€ IId equnHOOOpa3usa 3amucu MbI nonaraemM c¢g = 1. [loatomy umcia
Karanana ¢, yIoBIeTBOpAIOT COOTHOIIEHWIO

Cp = CoCp—1 +CiCy—2+ --- +Cp_acL +Cph_1Cp , (4-5)

k-Toe caaraeMoe KOTOPOr'0 YINTLIBAET BCE BHIYMCICHNA, B KOTOPBIX MOCIETHIM BELIIOIHACTCA k- THIN,
camrTas caeBa, Wi B 3amucu (4-4). UTo6bI BHIDA3UTH ¢, 9€pe3 N ABHO, 00pa3yeM CTEMEHHON DAL

c(z) = chxk =co+e1x+cox? fegrd+ oo
k>0

PapencTso (4-5) 03HAMAET, 9TO BTOT PAJ YAOBIETBOPAET COOTHOMICHMIO!

WNnarie rosops, c(m) ABIAETCA PelIeHrueM CJIeAYIOMero KBaApPaTHOrO YPaBHEHUA HA HEUM3BECTHYIO ¢:
z-t2—t—1=0.

ITo crangapTHOM mKOALHOK dopmyre Haxogmm? c(z) = (1 — /1 —4z) /(2z) . To (4-3)
k

1
1 2k
VITE= -y o >$

k
k>0

OTKyZa
1 1 2k +2 1 2k

TS %41 \k+1) E+1 \k

OTMeTumM, 9TO C EPBOTO B3MVIALA CHOBA HE OYEBUIHO, UTO 3TO YUCIO — IIEJ0E.

YnpaxHenne 4.4. B BEIIYK/IOM 7T YyrOJbLHMKE MPOBOAAT MAKCUMAJILHO BO3MOXKHOE UMCIO AUACOHANEH TaK,
4TOOBI OHU HE TEPEeCeKATNCh HUrae, KpoMme BepimuH. CKOMBKUMEU CiocoO6aMU 3TO MOXKHO CIENATh?

!popmyma (4-5) BEIpakaeT paBeHCTBO KO3(OUIMEHTOB Ipy " B JEBOM M IPABON UACTH STOTO COOTHOMICHIA
2o6paruTe BHEMaHME, uTO pag 1 — /1 — 4z He mmeeT cROGOAHOrO wieHa u moTomy gemurca B Q[[z]] wa 2z, mpudém

. 1++1—4zx
YacTHOE MMeeT CBOOGOAHBIM WiIeH co = 1, Kak HaM 1 TpeOyeTcs; BTOpOe pellleHne — ———— He ABIAETCA (IeTBIM»

T
CTEIEeHHBIM PANOM: 3HaMeHaTeJIb He 00paTUM, a YUCIUTEeIb, UMeA HeHyJIeBOU CBOOOMHBIN “JIeH, HA Hero He NeIUTCA
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85. BrrauciieHue CTEeHHBIX CYyMM.

5.1.3agaua Bepnyau. B pacore «Ars Conjectandir fIxos Beprymrmz me 6e3 ropocTu oTMmedarn',

9TO CyMea nIpoCyMMUPOBATH OECATHIC CTEICHU HepBOfI TBICAYIN HATYPAJBHBIX YUCEJI MEHEE, IeM 3a
HOMOBUHY IeTBepTH daca. Peds uaér o Boramcaennz cymmsr 110 4+ 210 4310 ... 4 1000'° , xoTopoe
Bepuyanmu npogenan mpu moMOIy OTKPHITON UM (POPMYJIBI, BEIPAKAIOMEN CYMMY

n
Sm(n) = 0" 4 1™ 427 4+ 3™ 4 oo fp™ =) | (5-1)
k=0

B BHUje MHOrOWIeHa (m + 1)-ou cTemenu ot n.
Muorowrenst Sy(n) = n u S1(n) = n(n + 1)/2, gaomme peueHre >TON 3aJa4K /I NEPBBIX IBYX
sHadeHnd creneHu m = 0 u m = 1, BEpOATHO, XOPOIIO 3HAKOMBI IATATENTIO:

So(n)=14+14+14 --- +1=n,
n pas

Sin)=14+2+34+ - +n=n(n+1)/2.

Caenymomme Ba MHOT'OWIEHA, PEIIAIONINE 33aa9y IId m = 2, 3, IOXAAyH, YKE MEHee U3BECTHBIL:

So(n) =12 +22+3>+ .- +n?=n(n+1)2n+1)/6,
S3(n) =13 +22+33+ ... +n® =n(n+1)?/4=S(n)?.
[IpennaraemMei HUXE COCOO OTHICKAHWA MHOTOUAEeHA Sy, (), 3HAMEHME KOTOPOTO NPU LEABIX HEO-
TPUIATEIBHBIX ¢ = n paBHO cyMMe (5-1), OCHOBBIBAETCA HA BO3MOXHOCTH 3AIMCHIBATL HEKOTODHIE

orobpaxenus Q[t] —— Q[t], u3 MHOXecTBa MHOrOWIEHOB B ce0s, B BUe CTEIEHHBIX PAJOB OT OIe-
patopa nuddepeHInpOBaAHNAA.

5.2. PazHOoCTHBIE OIIEPATOPHI HA NIPOCTPAHCTBE MHOrowieHoB. OTobpaxenne

D : ] = g,

COMOCTABIAONIEE KAXAOMY MHOTOWIeHY p(t) ero mpomssoauyto p'(t) , HaseIBAETCA onepamopom Jug-
pepenyuposanus. Cormacno npemmoxenuto (n°3.1.2) cam omeparop D m m0bas €ro CTeneHsb DF =
DoDo -+ oD, mepeBoagiias MHOIOWIEH P B €ro k-TYiO IPOU3BOIHYIO ka(t), [IepecTaHOBOYHBI CO
CI0XKEHNEM MHOTI'OJIECHOB M YMHOXEHVEM MHOT'OYWICHOB HQ YUCIA, T. €.

D*(a-p(t)+B-q(t)) = a-DFp(t) + B-DFq(t) Va,B€QuVp,qeqQ[t.

OmnepaTop D MOXHO TOACTABATHL BMECTO TIEPEMEHHOU % B JIOGOU CTEIEHHOU DAL

fl@) = arz® € Q] .

k>0

B pesyabrare monyuntcs orobpaxenue f(D) : Q[t] —— Q[t] , nepesogsamee muOorOwIeH p € Q[f] B

f(D)p = (ag + @D+ aD’+ - )p=ag-p+ar-Dp+ay-D’p+ --- = a-DFp.
k>0

[Mockoabky Kaxmoe mpuMmeHeHre [ K MHOTOWIEHY YMEHBIIAET €ro CTEMeHb Ha eUHUILY, BCE MPOU3-
soguste DFp ¢ k > degp B mpasoit wacTu 5Toro paseHcTBa’ 0GPALIAIOTCA B HYIb, ¥ CyMMAa COCTOMT

! counmenne «Ars Conjectandi» 66110 omy6rukoBamo B 1713 yxe mocre cmeprn fIxkosa Bepuymm (1654-1705)
% p1a eqMHOOGPA3MA 3amMCK MBI moaraeM B Heit D'p def
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U3 KOHEYHOrO UKCIa HeHyJIeBHIX CIaraeMbIX, T.e. IIpaBad bacTh PABEHCTBA ABIACTCA MHOTOWICHOM,
KOTOpBIﬁ MOXHO IIOTHOCTBHBIO BBIYUCINTH KOHEIYHBIM YUCJIOM aqu)MeTquCKHX ,Z[eﬁCTBI/IfI.

Orobpaxenne Q[t] — Q[t], npeacrasumoe B Buge f(D) nas kakoro-uubyns paga f(z) € Q[[z]],
HABBIBACTCA PA3HOCTMHbIM 0NEPamopom Ha TIPOCTPAHCTBE MHOTOWICHOB. Pa3HOCTHBIE OIepaTOpHL 3a-
MeEYIaTeJAbHBbI TE€M, 9YTO OJA BBIYUCJICHUA UX KOMIO3UIINUU JOCTATOYTHO IPOCTO NEPEMHOXUTH COOTBET-
CTBYIONIUE PATbL:

f(D)og(D) =p(D) , rae p(z) = f(z)g(z) B Q[«]].

B wacTrOCTH, MI00BIE [BA PA3HOCTHHIX OMEPATOPA MEPECTAHOBOYIHLI APYT C APYTOM:
f(D)eg(D) = g(D)o f(D).

YnpaxHenue 5.1. Ilposepbre, uTo a1060u pasHocTHbn oneparop f(D) mepecTaHoOBOYEH CO CIOKEHUEM MHO-
TOWIEHOB U YMHOXKEHUEM MHOTOYWJIEHOB HA UCTA, T. €.

f(D)(a-p(t)+B-q(t) =a- f(D)p(t)+ B f(D)q(t) Va,€QuVp,qeQ[].

5.3. OnepaTopsl caBura aprymMmeHnTa. 13 ymp. 5.1 BeITekaeT, ITO [ BEIMUCACHUA 3HAYCHUA OTIe-
paropa f(D) ma npousBoasHOM MHOTOWIERE P(t) = po+p1t+- - -+ ppt” MOCTATOTHO yMETH BHIYACAATH
suadenue oneparopa f(D) Ha Bcex ogHOWIeHAX t"™ . BOoCHOAB3yeMcsa S>TUM U ABHOTO OMUCAHUA JEU-
creus Ha Q[t] sxcmoHEeHTEI

1 1

e =14D+-D*+_-D*+ ...
2 6
Hockomsky DFt™ = m(m — 1) - (m — k + 1) - t™ %, u3 dpopmyrsr 6uroMa ¢ HATYPATHHBIM

nokasarereM (cM. (n°4.3)) MBI 3aKII0UaEM, ITO

eDtm :Z%Dktm _ Zm(m— 1) -.k;!(m—k‘-i-l) tmfk :i (Z”)tmk — (t+1)m .

k>0 k>0 k=0

P mepesoaut mo6oin maorowren p(t) B ePp(t) = p(t + 1), T.e. casuraer

CuemoBaTeabHO, OTEpaTop €
IepeMeHHYIO { Ha eIUHUILY.

AmanormaaeIM 06pa3oM, omepaTop e

IepeBOAUT MO0 MHOTOWIEH P(t) B MHOTOWIEH

e Pp(t) = p(t - 1),

noryqaomuica u3 p(t) CIBUTOM apryMeHTa Ha eIWHUILYy B TPOTUBOMOIOKHYIO CTOPOHY.
Ynpaxuenue 5.2. Y6enurech B DTOM, [MOBTOPUB MPEIBIAYIIEE BHIYNCACHNE C HAIEKAIIUMU W3MEHEHUsSMA
3HAKOB.

rou crnocob yIoCTOBEPUATHCA B 3TOM TAKOB: HOCKOJABKY pALbI X u e~ % o6paTHBI r 'y, ome-
)

paTopsL el me P

HpOTHBOHOJIO)KHI:IfI COABUT apryMeEHTa.

TOXe OOpAaTHHI APYT APYry, a oTobpaxeHune, 0OOpaTHOE K CABUT'Y apryMeHTa, DTO

5.4. Pemenne 3agaun Bepuymiun npu momommm paga Toaga. Paccmorpum oTo6paxkenue!

V=1-—¢7D. Q[t] p(t)—p(t)—p(t-1) Q[

KOTOpO€ MOXydIaeTcs HoAcTanoBkon £ = D B pag 1 — e™® € Q[[z]] u nepesogur mHOrOUIeH p(t) B
passoctb Vp(t) = p(t) — p(t — 1). IIycts muOrOwIeH Sp(t) € Q[t] pemaer sagauy Beprymim g
IOoKa3aTead 1M, T.€. YAOBJACTBOPACT IIPU BCEX HEJIBIX HEOTPUIIATEIbHBIX t = 1 COOTHOIIIEHUIO

Sm(n) =0 41"+ 2" +3M + ... 4 n™.

Torga VS, (t) =t™.

1

cuMBOJ V 4uUTaeTCa «Habaa»
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y

Ecau 651 Ham yanaocs vautu B Q[[z]] pax f(z), o6parusim kK pagy 1—e™?, TO mpuMeHsIs Pa3HOCTHBIT
oneparop f(D) k obenm wacTam paseHcTBa V.S, (t) = ¢, mbl — B cuty pasenctsa f(D)oV =1 —
noxyauan 661 niast S, (t) sBry0 dopmyny Sy, (t) = f(D)t™.

K coxanenmo, pag 1 —e™" uMeeT HyJIeBOH CBOGOIHLIN WIeH, U MosTOMY He ob6paTuMm. Ho me Gyzem
OTYAMBATHLCA — BBIHECEM W3 1 — €% mpemaTcTByommin 06PATUMOCTA MHOXUTEND L, TIEPENNCAB DTOT
PAI B BUIE MPOU3BEICHAA
_l—e"

X

1—e” .

Pax (1 — e ®)/z obparum, moCKoabKy ero cBo6G0oAHBIN wieH paseH 1. OOpaTHBIN K HEMY DAL

td(z) ¥ L cqQ[]] .

1—e*

HazeBaerca padom Todda. U3 pasencrsa td(z)- (1 —e~ %) = x Burekaer coornomenue td(D)oV = D,
KOTOPOE MO3BOMAET HAUTY IPOU3BOAHYIO OT MCKOMOTO HAMU MHOTOWIeHA Sy, (1) :

S' (t) = DS (t) = td(D)VSm(t) = td(D)t™ .

Mockoabky Sy, (0) = 0, MmEOrownen Sy, (t) He MeeT CBOGOAHOTO WICHA M HAXOAUTCA WHTETPUPOBAHAEM
td(D)t™ mo ¢popmyne u3 n° 3.2.

Nrax, nna oreickanma Sp,(t) mocrarodno 3maTh mepseie (m + 1) xooddunumentos paga td(z).
Pag Toama OpEHATO OUCATH «B SKIOHEHIWAILHOU (DOPME», BEIHOCA M3 KOA(D(MUIMEHTOB OOpATHLIE

daKTOpUAIbL:
Z ag
E>0

B TepMmunHax wucen ar oTBeT HA 3amady BepHymiu maércsa Gpopmyaon
m m m m—k+1
Ok K m) _ ( m mfk) . m\ agt _
— D" ) dt = t dt = —_— =
/(Hk! /I;(k)“’“ ; k)m—k+1

1 m+ 1 m+1 9 m+1 m+1
= t IRT A N tm gt
(0ot (75 Jamms o (M (T o)

KOTOPYIO 9aCTO OPEACTABIAIT B CUMBOINICCKOM BHJE

Sm ()

(m+1) - Sn(t) = (¢l +1)™" —ampt

(cTpenka y @ | mpeAmmchIBaeT Ipu pacKpbiTuu 6mHOMA (0 4 )™ ! BMecTo af mucaTs ay).
Ynpaxtenue 5.3. [Tonpo6Gyure TOBTOPUTH JOCTUXKEHUE BepHy/LIN — HAUIUTE Qg, A1, . . . , G419 U3 COOTHOIIECHUS
az o a3 5 G4 4 )(1 12 13 >_
ap+ar+ v+ —z"+—+ ) (l—zsx+-2"— =2+ - ) =1
( 0TI 6 24 2776 24

(cm. dopmyasr (1-6) Ha cTp. 3), BEmUIMTE MHOrOUIeH S1o(t) 1 noacTaBbTe B Hero! t = 1000. B xauecTse
(Y TEMUTEILHOrO» PE3yabTaTa HanumuTe apabe GopMyast naa Sq(n) u Ss(n) (cBeputsb nonyyuenuse Bavu
3HAYeHUA ag, a1, . - . ,A19 MOXKHO B cHOCKe (?)).

5.5. Heuéruan cocrasuaamooimasa paga Toaga. [Ipu pemenun npeasigyien 3a1a9u BOSHUKALT OILY-
IIEHrE, ITO BCe KOA(PPUIMEHTHI af ¢ HEIETHBEIMI HOMepaMu k > 3 paBHBI Hya0. [lokaxeM 5To.

Pag 1 (td(z) — td(—z)) He cogepKuUT TETHBHIX CTEmeHel T, a NP HETETHBIX CTETEHAX MMEET Te
xe Koahduiuentel, aro u piag td(z). ockombky

z x 20 —z- (" +e7 %)
= + = _j’
l—e® 1—e* (l—e%)-(1l—e%)

td(z) — td(—x)

lyamomuro, y Bepaymmz Ha BCE 5TO YILIO OKOIO 7 MEHYT, X KAIbKY/IATOPOB B Te COJHL €lé He GBLIO
2
— 11 <08
0 D 1

ey
T

(o8 _
T

(9

‘%:0[@‘0:6@ =8D ‘)= 1D =9 ‘)= 9D =Wp‘Qg=¢D I:Zu‘%

=1Ip‘T=0p



€IUHCTBEHHBIN WIEH HeIYETHOU cTemenu B page Toxgmga — sto /2.

5.6. Yucaa Bepuysiu. Hassanume «pag Tommgar Boumuo B 0OMXOJ JIHIIL BO BTOPOM HOJMOBHHE XX
Beka mocae padbor Togma, Xupnebpyxa u ['poTeHauka mo TONOIOrUM U aaredbpandeckon reOMeTpun,
B KOTOPBIX pAf td(z) ceIrpan BaxHyo poib B (OPMYIUPOBKE U NOKA3ATEILCTBE TeOpeMbl Puana—
Poxa. Bo Bpemena Beprymiu u duiepa npeqmoduTaIu MOIAb30BATLCA PAILOM

x

KOTODBIN, KAK MBI BUEIX BbIlle, oOTandaeTcs oT td(x) poBHO ogHuM wieHoMm (umeer —z/2 BMecTO
x/2). 3amUCHIBAIE €T0 TOXE B (IKCIOHEHIUATILHOM BUE):

eI—l_Zﬂx '
k>0

KosdduruenTsr By, 5TOr0 pa3IokeHWs HA3BIBAIOTCA wucaamu Bepuyaau . pu k # 1 By = ag (m
00paIAIOTCs B HYJIb OPU BCeX HeY6THBIX k > 3), a By = —a; = —1/2.

Co Bpemén cBoero oTkpuiTusa Axkosom Bepuynu, uuciaa By TPpUTATUBAIOT UHTEPEC UCCAETOBATEICH.
VM moceamena o6mmpHas JuTepaTypa, HA9aTh 3HAKOMUATHLCSA ¢ KOTOPOU A COBETYIO C KHUT:

K. Atipasnd, M. Poysen. Kraccuieckoe BBegeHUE B COBpEMEHHYI0 Teopuio qucer (ri. 15).

3. U. Bopesuu, U. P. llagapesun. Teopusa aucer (§8 ra. V).
NmeeTcs gaxe cnenuaibHBIN HHTEpHET-pecypc http://www.bernoulli.org/, rae YuTaTenlb HAULET
MAaCCy AOMOMHATETHEHON WH(POPMAINY, TATHLHEUIINE CCHLIKU U MIPOrPAMMY, BRIYUCAAIONLYIO Yucia By B
BUI€ HECOKPATUMBIX PAIMOHAIBLHEIX ApobOen. B 3akmoveHne OTMEHTHAM, 9TO HE CMOTPA HA OTPOMHOE
KOJIMIECTBO KPACUBBIX TEOPEM O TUCAAX DEepHY/LIN, HUKAKOW BHATHOU (DOPMYJIBI, ABHO BHIPAKAIOMIIEN
B,, 1epe3 n Her, u A000U COAEPKATEIHLHBIA HOBBIM B3TJAL B DTOM HAIPABICHUU ABUICA ObI APKUM
MOCTHUXKEHUEM.

Ynpaxuerue 5.4, Ilonyunre nus aucen Bepuyniu pexkypcusHyio dopmyny

(n+1)Bn:nZl<"Zl) By .

k=0

* .
Ynpaxuenue 5.5". [lokaxure, 9o yucaa BepHyamn ¢ 96 THEIME HOMEPAMU UMEIOT YepenyIOMnecs 3SHAKY.



